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Abstract We propose, in analogy with trapped ions, scalable quantum computation
schemes with superconducting charge qubits couple to a micro-wave cavity mode. Single-
qubit addressing can be achieved and selective qubit-cavity coupling can be effectively
controlled by the external magnetic flux, thus gate operations can be selectively performed.
During the implementation of a certain (virtual) excitation operation all the qubits and cavity
parameters can be chosen to be fixed, the only parameter needs to be tunable is the external
magnetic flux. This is a more efficient way of controlling the system dynamics as it is much
easier for experimental realization.
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Physical implementation of quantum computers has attracted much attention in the last
decade as they are generally believed to be capable of solving diverse classes of hard prob-
lems. Systems suitable for hardware implementations of quantum computers should possess
relatively long coherent time, easy manipulation and good scalability. Cavity quantum elec-
trodynamics (QED) system is favored because of its demonstrated advantage when subjected
to coherent manipulations [1–3], but it is difficult to realize the strong-coupling using atomic
qubit. Trapped ions approach of quantum computation [4–7] is further ahead of other qubits
along the quantum computing Roadmap, but the scalability of trapped ions is not good. With
highly developed fabrication techniques, the superconducting quantum interference device
(SQUID) has shown its competence in implementing the qubit for scalable quantum compu-
tation [8–10]. The idea of placing the superconducting qubits in a cavity has been illustrated
to have several practical advantages including strong coupling strength, immunity to noise,
and suppressed spontaneous emission.

Quantum computation with cavity-assisted interaction with superconducting qubits
[11–29] is an analogy to cavity QED and trapped ions approaches. Zhu et al. [24] can be un-
derstood as analogy of the original trapped ions quantum computation scheme presented by
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Cirac and Zoller (CZ) [4]. The scheme realized the excitations by tuning the qubit parameter
and the cavity-qubit interaction is of the always on nature, that is, there lacking of effective
switch method. It was shown [28, 29] that by introducing the ac external magnetic flux the
effective switch on/off cavity-qubit interaction can be selective achieved, thus may result in
universal quantum computation and state transfer among selective qubits. In this spirit, Zhu
et al. [28] presented successful analogy of quantum computation with thermal trapped ions
presented by Sørensen and Mølmer (SM) [5, 6] with a new designed 4 junction qubit. This
effective switch method has also be investigated using the 1D transmission line resonator
cavity [23] as well as superconducting quantum circuit [30–32] where a LC circuit play the
role of the “vibrating” mode in trapped ions quantum computation schemes. It is also noted
that another interesting switch mechanism is presented in [33], where a frequency-matching
technique is adopted. In addition, [32, 33] are also the superconducting quantum circuit
analogy of the CZ scheme.

Here, we propose the fully analogy of the CZ and SM trapped ions quantum computation
schemes with SQUID charge qubits couple to a micro-wave cavity mode. By using the ac ex-
ternal magnetic flux as the effective switch method, single-qubit addressing can be achieved
and selective qubit-cavity coupling can be effectively controlled, thus gate operations can be
selectively performed. During the implementation of the operations all the qubits and cavity
parameters can be chosen to be fixed, the only parameter needs to be tunable is the external
magnetic flux. This is a more efficient way of controlling the system dynamics as it is much
easier for experimental realization in principle.

A single superconducting qubit considered here consists of a small superconducting box
with excess Cooper-pair charges, formed by an symmetric SQUID with the capacitance CJ

and Josephson coupling energy EJ , pierced by an external magnetic flux �. A control gate
voltage Vg is connected to the system via a gate capacitor Cg . The Hamiltonian of the system
is [8, 9]

H = Ec(n − n̄)2 − EJ cosϕ1 − EJ cosϕ2, (1)

where n is the number operator of (excess) Cooper-pair charges on the box, Ec = 2e2/(Cg +
2CJ ) is the charging energy, n̄ = CgVg/(2e) is the induced charge controlled by the gate
voltage Vg , and ϕm (m = 1,2) is the gauge-invariant phase difference between the two sides
of the mth junction. We here focus on the charge regime, where the quasiparticle tunneling
or excitation can be effectively suppressed. In this case, a convenient basis is formed by the
charge states, parameterized by the number of Cooper pairs n on the box with its conjugate
ϕ; they satisfy the standard commutation relation: [ϕ,n] = i. At temperatures much lower
than the charging energy and restricting the gate charge to the range of n̄ ∈ [0,1], only a pair
of adjacent charge states {|0〉, |1〉} on the island are relevant. The Hamiltonian (1) is then
reduced to

Hs = −Eceσ
z − E�σx, (2)

where Ece = Ec(1 − 2n̄)/2, E� = EJ cosφ, φ = π�/φ0 with φ0 being the flux quanta, σx

and σ z are the Pauli matrices.
When a superconducting qubit is placed in a cavity the gauge-invariant phase difference

becomes ϕ′
m = ϕm − 2π

φ0

∫
lm

Am · dlm, where Am is the vector potential in the same gauge

of ϕm. Am may be divided into two parts A′
m + Aφ

m, where the first and second terms arise
from the electromagnetic field of the cavity normal modes and the external magnetic flux,
respectively. For simplicity, we here assume that the cavity has only a single mode to play
a role. Therefore, we have 2π

φ0

∫
lm

Am · dlm = 2π
φ0

∫
lm

Aφ
m · dlm + 2g(a + a†), where φ0 is the

flux quantum, 2g is the coupling constant between the junctions and the cavity, a and a† are
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the annihilation and creation operators for the cavity mode, and the closed path integral of
the Aφ , with lm the integral path and can be chosen as the contour of the qubit, gives rise to
the magnetic flux �.

Firstly, we focus on the dc magnetic flux case, which can realize the so-called carrier
process in trapped ions quantum computation. The Hamiltonian (1) reads

H 1
c = −Eceσz − EJ cos

[
φ + g

(
a + a†

)]
σx. (3)

Generally speaking, g � φ, then the Hamiltonian (3) approximately reads

H 2
c = −Eceσz − E�σx + g sinφ

(
a + a†

)
σx. (4)

In the rotating frame with respect to H0 = −Eceσz − E�σx + �ωc(a
†a + 1

2 ), the interaction
term in the Hamiltonian (4) osculating with the frequency of ωc − ωq with �ωq = 2Ece =
Ec(1−2n̄). As n̄ ∈ [0,1], then ωq ∈ [−Ec/�,Ec/�], which is depends on the induced charge
n̄ and thus can be controlled. In our present scheme, we choose ωq as a small quantity, if
not zero, as we need to maintain the large detuning limits (ωq � ωc). In addition, ωq = 0
corresponds to the degeneracy point (n̄ = 1/2) where the qubit possess long coherent time
and minimal charge noise. Given the facts that g is relatively very small and the frequency
difference ωc −ωq was chosen to satisfy the large detune limits, then the interaction of qubit
and the cavity can be safely neglected. In addition, from (4), the interaction can be exactly
switched off by choosing � = 2kφ0 with k an integer. In other words, the qubit and the
cavity evolve independently in this case, the external flux is only used to separately address
the qubit rotations and the evolution of the qubit are governed by the Hamiltonian in (2).
This is similar to the so-called carrier process in the trapped ions approach of quantum
computation, universal single-qubit rotations are possible from (2) using standard method
[8, 9].

Then we focus on the ac magnetic flux case, which can realize both the red and blue
excitations in trapped ions quantum computation. If N qubits are located within a single-
mode cavity. To a good approximation, the whole system can be considered as N two-
level systems coupled to a quantum harmonic oscillator [18]. Setting φ = ωt , the system
considered here can then be described by the Hamiltonian H = H0 + Hint with

H0 = �ωc

(

a†a + 1

2

)

+ �

2
ωq

N∑

j=1

σ z
j , (5a)

Hint = −EJ

2

N∑

j=1

(
σ+

j e−i[g(a+a†)+ωt] + H.c.
)

(5b)

where σ± = 1
2 (σ x ± iσy). For simplicity, we have also assumed the same Ec and EJ for all

qubits. Expanding the Hamiltonian (5b) to the first order of g in the Lamb-Dicke limit and
under the rotating-wave approximation as well as in the interaction picture with respect to
U0 = exp(−iH0t), the Hamiltonian is reduced to

He = igEJ

2

N∑

j=1

(σ+
j eiωq t + σ−

j e-iωq t )
(
ae−iωct + a†eiωct

) (
e−iωt − eiωt

)
. (6)

If the frequencies satisfy the condition ω = ωq −ωc , then the ac external magnetic flux φ

in the qubits assist the qubit resonantly couple to the cavity mode. This is the red sideband
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excitation governed by the Hamiltonian

Hr = igEJ

2

N∑

j=1

(
aσ+

j − a†σ−
j

)
. (7)

When the frequencies satisfy the condition ω = ωq + ωc , it is the so-called blue sideband
excitation governed by the Hamiltonian

Hb = igEJ

2

N∑

j=1

(
a†σ+

j − aσ−
j

)
. (8)

It is clear that the qubit-cavity coupling, as well as decoupling, can be controlled by appro-
priately selecting the frequency ω to match the above frequency condition, not by changing
the parameters of the qubit or the cavity. The external magnetic flux can be effectively con-
trolled, and thus qubit-cavity interaction can be implement in selective qubit or qubits.

Choosing ωq = 0, both the red and blue excitation reduce to

Hbr = gEJ

2

(
a + a†

) N∑

j=1

σx
j , (9)

which is the simultaneous realization of Jaynes-Cummings and anti-Jaynes-Cummings in-
teraction when N = 1. This type of interaction appearing naturally in trapped ions [7] but
not in the context of cavity QED with atomic qubit. With this interaction, the entangled
Schrödinger cat state can be generated to demonstrate the microscopic-mesoscopic entan-
glement [2].

Next, we investigate the red and blue detuning with ωq = 0 to implement SM type inter-
action presented in the context of quantum computation using thermal trapped ions [5, 6].
When the frequency of the external magnetic flux ω = ωc −δ, the Hamiltonian (6) is reduced
to

Hd
r = igEJ

2

(
a†eiδt − ae−iδt

) N∑

j=1

σx
j , (10)

where δ � ω. This is the so-called red detuning interaction, when the so-called periodi-
cal evolution (δT = 2kπ ) [28, 29] or large-detuning (δ � gEJ /2�) [25–27] condition is
satisfied, the effective Hamiltonian for (12) is

Hx = χx

⎛

⎝
N∑

j=1

σx
j

⎞

⎠

2

, (11)

where χx = g2E2
J /4�δ. When in the case of blue detuning (ω = ωc + δ), the Hamiltonian

(6) is reduced to

Hd
b = igEJ

2

(
a†e−iδt − aeiδt

) n∑

j=1

σx
j . (12)
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Under the large-detuning condition, the effective Hamiltonian for (10) is −Hx . We can see
that both the red and blue detuning in the context of superconducting cavity QED reduce to
the same type of coupling but with opposite eigenvalues.

Interestingly, this interaction is insensitive to the thermal state of the cavity mode. It is
also notable that, it is straightforward to check that the evolution under Hamiltonian (11)
is a unconventional geometric phase gate [28]. The paths of Hamiltonian (12) and (10)
in xp phase space to be traversed are in the opposite direction, and thus the sign of the
geometric phase is also opposite. This unconventional geometric phase shift still depends
only on global geometric features and is robust against random operation errors [34]. More
generally, it can be used to generate multipartite entangled GHZ state [28] and cluster states
for one-way quantum computation [29, 35] as well as construct quantum error correcting
code [28] with an unconventional geometric phase shift scenario.

Lastly, we investigate the red and blue detuning with ωq �= 0 to implement the XY Hamil-
tonian with cavity mediated long-range coupling, which can also be realized in the context of
atoms in cavity [3]. If the frequencies satisfy the condition ω = ωc + δ, then the Hamiltonian
(6) is reduced to

Hr = − igEJ

2

N∑

j=1

a
(
σ+

j eiδ+t + σ−
j eiδ−t

) + H.c., (13)

where δ± = δ ±ωq . When the frequencies satisfy the condition ω = ωc − δ, then the Hamil-
tonian (6) is reduced to

Hb = − igEJ

2

N∑

j=1

a
(
σ+

j e-iδ−t + σ−
j e-iδ+t

) + H.c. (14)

The effective Hamiltonian of Hamiltonian (13) and (14) will be in the XY type as in atomic
cavity QED [3].

In implementing our scheme, several points need further clarification. (1) With the prop-
erly chosen parameters, both the Lamb-Dicke and strong-coupling limits can be satisfied si-
multaneously. Suppose that the quality factor of the superconducting cavity is Q = 1 × 106;
for the cavity with ωc = 50 GHz, the cavity decay time is τ = 3.2 µs. With the vacuum
Rabi frequency � = 8 MHz and the decoherence time of the qubit T = 0.5 µs, the strong-
coupling limit can be readily reached (�2τT ∼ 102 � 1). (2) Many coherent operations are
possible. Typical operation time for large detuned interaction is on the order of ns (the time
scale for the excited operations are much more faster), this ensures thousands of operations
are possible before decoherence set in as the coherence time scales of the qubit and cavity
mode are both on the order of µs. (3) The scheme is ready to scale up. The realistic length
of the cavity is l ∼ 1 cm. When the two SQUIDs are located each at one of the antinodes of
the microwave, the distance of the two neighbor qubits is the wavelength of the microwave,
which can be chosen as λ ∼ 1 mm, then 103 qubit maybe constructed along the cavity direc-
tion. Furthermore, as the typical size of the SQUID loop is on the order of µm, that is, the
distance of the two qubit is about 103 times of the qubit size, thus the mutual induction of
the neighbor qubits can be safely neglected.

In summary, we propose the fully analogy of the CZ and SM trapped ions quantum
computation schemes with superconducting charge qubits couple to a micro-wave cavity
mode using the external magnetic flux as the effective switch method. The only parameter
needs to be tunable is the frequency of the external magnetic flux. This simplified scheme
with fixed cavity and qubit parameters is a more efficient way of controlling the system
dynamics as it is much easier for experimental realization.
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